This article studies the mean curvature flow of Lagrangian submanifolds. In particular, we prove the following global existence and convergence theorem: if the potential function of a Lagrangian graph in T 2n is convex, then the flow exists for all time and converges smoothly to a flat Lagrangian submanifold.
Introduction
The mean curvature flow is an evolution process under which a submanifold evolves in the direction of its mean curvature vector. It can be considered as the gradient flow of the area functional in the space of submanifolds. The critical points of the area functional are minimal submanifolds.
In mirror symmetry, a distinguished class of minimal submanifolds called "special Lagrangians" are desirable in any complex n dimensional Calabi-Yau manifold with a parallel (n, 0) form Ω. A special Lagrangian is calibrated by Re Ω, which means * Re Ω = 1, where * is the Hodge * operator on the submanifold. A simple derivation using Stokes' Theorem shows a special Lagrangian minimizes area in its homology class. To produce special Lagrangians, it is thus natural to consider the mean curvature flow. We remark the the existence of Lagrangian minimizers in Kähler-Einstein surfaces are proved by Schoen-Wolfson [8] using variational method.
It was conjectured by Thomas and Yau in [14] that a stable Lagrangian isotopy class in a Calabi-Yau manifold contains a smooth special Lagrangian and the deformation process can be realized by the mean curvature flow. One of the stability condition is in terms of the range of * Re Ω. In [16] (see also [19] ), we prove the following regularity theorem, Theorem 1.1 Let (X, Ω) be a Calabi-Yau manifold and Σ be a compact Lagrangian submanifold. If * Re Ω > 0 on Σ, the mean curvature flow of Σ does not develop any type I singularity.
In particular, this theorem implies no neckpinching will occur in the flow. We remark that without this condition, neckpinching is possible by an example of Schoen-Wolfson [9] . It is thus of great interest to identify initial conditions that guarantee the long time existence and convergence of the flow.
The mean curvature flow of Lagrangian surfaces in four-manifolds are studied in [17] and [13] . In [17] , we prove the long-time existence for graphs of area preserving diffeomorphisms between Riemann surfaces and uniform convergence when the diffeomorphism is homotopic to identity (smooth convergence for spheres). This gives a natural deformation retract of the group of symplectomorphism of Riemann surfaces. Smoczyk [13] proves the longtime existence and smooth convergence theorem for graphs of area preserving diffeomorphisms in the non-positive curvature case assuming an angle condition. The maximum principle for parabolic equations is important in both papers [17] and [12] . The new ingredient in [17] is the blow-up analysis of the mean curvature flow developed in [16] . This has been applied to prove longtime existence and convergence theorems for general graphic mean curvature flows in arbitrary dimension and codimension in [18] .
In this article, we prove the following global existence and convergence theorem in arbitrary dimension.
Theorem A Let Σ be a Lagrangian submanifold in T 2n . Suppose Σ is the graph of f : T n → T n and the potential function u of f is convex. Then the mean curvature flow of Σ exists for all time and converges smoothly to a flat Lagrangian submanifold.
u is only a locally defined function and the convexity of u will be defined more explicitly in §2. The mean curvature flow can be written locally as a fully non-linear parabolic equation for the potential u.
The Dirichlet problem for the elliptic equation of (1.1) was solved by Caffarelli, Nirenberg and Spruck in [1] .
The general existence theorem in [18] specialized to the Lagrangian case holds under the assumption that ( 
There is no sign condition on λ i . Smoczyk proves the convexity of u is preserved in [12] and he also shows the existence and convergence theorem assuming u is convex and the eigenvalues of D 2 u are less than one. The present theorem only requires u to be convex and the proof involves the study of the Gauss map of mean curvature flows.
The core of the proof is to get control of D 2 u. It is interesting that there are two ways to interpret D 2 u. First we can identify it with a symmetric twotensor on the submanifold Σ. One can then calculate the evolution equation with respect to the rough Laplacian on symmetric two tensors. Applying Hamilton's maximum principle [3] shows that the subset of positive definite symmetric two-tensors is preserved along the flow.
On the other hand, since f = ∇u, the graph of D 2 u = df is the tangent space of the graph of f . Recall the Gauss map for a submanifold assigns each point to its tangent space. It was proved in [20] that the Gauss map of any mean curvature flow is a harmonic map heat flow and thus any convex region of the Grassmannian is preserved along the flow. From this we identify an expression of D 2 u that satisfies the maximum principle and this gives uniform C 2 bound of u. The analysis of the geometry on Lagrangian Grassmannian has been exploited to the obtain Bernstein type theorems for special Lagrangian submanifolds in [15] .(see also [24] for a PDE point of view).
An open subset S of the Lagrangian Grassmannian is parametrized by the space of all symmetric n × n matrices. S is equipped with the Riemannian symmetric metric inherited from LG(n). We show the function − ln det (I + Z 2 ) for Z ∈ S is a concave function on the subset of positive definite symmetric matrices with respect to the Grassmannian metric. 
Preliminary
We first derive the evolution equation of f = ∇u from the equation of the potential function u. For more material on the special Lagrangian equation, we refer to Harvey-Lawson [4] .
is a unit complex number, so the right hand side is always real.
where g jk = g −1 jk and g jk = δ jk + u jl u kl
It is not hard to check that
where we use symmetry in k, j in the last equality, the last two terms cancel and the proposition is proved. 2
Equation (2.2) is indeed the nonparametric form of a graphic mean curvature flow, see [21] or [18] for the derivation of the general case. The graph of ∇u is then a Lagrangian submanifold in C n ∼ = R n ⊕ R n evolving by the mean curvature flow. It is well-known that being Lagrangian is preserved along the mean curvature flow, see for example [11] . The complex structure J on C n is chosen so that the second summand R n is the image under J of the first summand. The equation (2.2) is equivalent up to tangential diffeomorphisms to the original flow. Now suppose f : T n × [0, T ) → T n is given so that the graph of f is a Lagrangian submanifold moved by mean curvature flow in T 2n ∼ = T n × T n . The tangent space of T 2n is identified with C n ∼ = R n ⊕R n . Now the differential df is a linear map from the first R n to the second R n , so is the complex structure J. The Lagrangian condition implies the bilinear form df (·), J(·) is symmetric. This implies there is a locally defined potential function u of f . We shall identify D 2 u with the bilinear form df (·), J(·) . 
Therefore an eigenvalue λ of D 2 u satisfies df (v) = λJ(v) for some nonzero v ∈ R n . It is not hard to check that by integration the potential u satisfies the special Lagrangian evolution equation locally.
Lagrangian Grassmannians
Let LG(n) denotes the Lagrangian Grassmannian of all Lagrangian subspaces of C n . Let O be a base point in the Lagrangian Grassmannian LG(n). O represents a Lagrangian subspace in C n . A local coordinate chart near O is parametrized by S, the space of n × n symmetric matrices of the form Z = [z ij ] i,j=1···n . They represent the collection of all Lagrangian subspaces that can be written as a graph over O. By [23] , the invariant metric on LG(n) is given by
Let φ(z ij ) be a function S. Given any geodesic z ij (s) let p(s) = φ(z ij (s)). Then φ is convex if and only ifp(s) ≥ 0.
We shall check convexity at an arbitrary point P in S. P is spanned by
where {a i } i=1···n and {Ja i } i···n form orthonormal bases for O and O ⊥ ∼ = JO, respectively. We may assume the bases are chosen so that z ij (0) = λ i δ ij by diagonalization. By [23] , a geodesic through P parametrized by arc length is given as P s spanned by {a i + z ij (s)Ja j } i=1···n such that Z = [z ij (s)] is a n × n matrix which satisfies the following ordinary differential equation.
Note that Z = Z T for Lagrangian Grassmanians.
In the rest of the section, we develop a criterion to check when a function defined in terms of the eigenvalues of z ij is a convex function on LG(n). Recall p(s) = φ(z ij (s)), so we have:
We assume φ is given by the eigenvalues λ k of z ij . I learned the following formula from Ben Andrews. 
Replacez ij by the geodesic equation (3.2),
Taking into account that z ij (0) = λ i δ ij , we obtain 
We apply this formula to the following function which corresponds to − ln det(I + (D 2 u) 2 ).
We compute
and
We obtain the general formula by splitting the last term according to k = l or k = l.
So if λ k λ l > −1 for k = l, we have concavity. Recall the following formula for minimal Lagrangian graphs from [15] and note * Ω =
To compare this with equation (3.8), we rearrange terms
correspond to the metric on the Lagrangian Grassmannian. The similarity between equations (3.8) and (3.9) is easily explained by remembering the Gauss map of a minimal submanifold is a harmonic map [7] , [20] . We can simply pull back the function φ 0 through the Gauss map to obtain equation (3.9) . 
Proof of Theorem A
First we prove the convexity of u is preserved as long as the flow exists smoothly. Consider the parametric version of the Lagrangian mean curvature flow F : Σ × [0, T ) → T 2n . The tangent space of T 2n is identified with C n ∼ = R n ⊕ R n and the complex structure J maps to first real space to the second summand. Let π 1 and π 2 denote the projection onto the first and second summand in the splitting. Define S(X, Y ) = Jπ 1 (X), π 2 (Y ) for any X, Y ∈ C n ∼ = T (T 2n ) as a two-tensor on T 2n . S(X, Y ) is a symmetric for any X, Y in a Lagrangian subspace of C n . This is because ω(X, Y ) = J(π 1 (X) + π 2 (X)), π 1 (Y ) + π 2 (Y ) = 0.
When F is given as a graph of f = T n → T n , i.e. F = (x, f (x)). df is a linear map, df : R n → R n . We have dF (v) = v + df (v), π 1 (dF (v)) = v and π 2 (dF (v)) = df (v). Therefore F * S becomes a symmetric two-tensor and is the same as Jv, df (v) = df (v), Jv . f has a locally defined potential u. By definition 2.2, the positive definiteness of S is the same as the convexity of u. Now we recall the general evolution equation for the pull back of a parallel two-tensor of the ambient space from [16] ( §2, equation (2.3) ) . Recall S(X, Y ) = Jπ 1 (X), π 2 (Y ) , so S(J(e l ), J(e m )) = Jπ 1 (J(e l )), π 2 (J(e m )) . Since Jπ 1 = π 2 J and Jπ 2 = π 1 J, we derive S(J(e l ), J(e m )) = JJπ 2 (e l ), Jπ 1 (e m ) = − π 2 (e l ), Jπ 1 (e m ) = −S(e m , e l ) = −S(e l , e m )
The last step is because S(·, ·) is symmetric on any Lagrangian subspace.
Therefore, we obtain
This equation is also derived in [12] . Since h kil h kjm S lm is positive definite if S ij is, the positivity of S ij being preserved is a direct consequence of Hamilton's maximum principle for tensors [3] .
Next, we consider the Gauss map of the mean curvature flow. The tangent space of Σ is the graph of df : R n → R n . Recall the complex structure J is chosen so that the target R n is the image under J of the domain R n . We choose an orthonormal basis {a i } for the domain R n then {J(a i )} forms a basis for the target R n . By definition 2.2, D 2 u is represented by df (a i ), J(a j ) . Comparing with equation (3.1), z ij = df (a i ), J(a j ) , therefore To prove the long time existence, recall the explicit formula from [18] (see also [15] for the elliptic version).
Recall from [15] the λ ′ i s are defined by finding an orthonormal basis {a i } i=1···n for the domain R n as a subspace of the tangent space of T 2n so that df (a i ) = λ i J(a i ). Then {e i = 1 √ 1+λ 2 i (a i + λ i J(a i ))} i=1,··· ,n becomes an orthonormal basis for T p Σ and {J(e i )} i=1···n an orthonormal basis for the normal bundle. Also h ijk = ∇ e i e j , J(e k ) denotes the second fundamental form with respect to the basis. The original formula in [18] is for * Ω, to convert into the present form, recall ( * Ω) k = − * Ω( i λ i h iik ) from [15] .
We can now prove the long time existence as in [18] . By the positivity of λ i and equation (4.2), we obtain
We integrate this inequality against the backward heat kernel and study the blow-up behavior at any possible singular points. A crucial point is any function defined on the Grassmannian is invariant under blow-up. The right hand side |A| 2 helps us to conclude any parabolic blow-up limit is totally geodesic and long time existence follows from White's regularity theorem [22] .
We shall use the C 2,α estimate for nonlinear parabolic equations by Krylov [6] or [5] (see section 5.5). To apply it, we need to check the concavity of in the space of symmetric matrices with the flat metric. This can be checked using a Lemma of Caffarelli, Nirenberg and Spruck in [1] (section 3 page 276), see also [12] . We apply the formula (3.6) as a comparison between the two metrics on the space of symmetric matrices. With respect to the flat metric, we derive the second derivative of a function φ(λ k ), (1 + λ 2 k ) We prove θ is a concave function on the space of n × n matrices equipped with the flat metric.
We compute ∂θ ∂λ k = 1 1 + λ 2 k and ∂θ ∂λ k − ∂θ ∂λ k λ k − λ l = λ 2 l − λ 2 k (λ k − λ l )(1 + λ 2 k )(1 + λ 2 l ) ∂ 2 θ ∂λ k ∂λ l = −2λ k (1 + λ 2 k ) 2 δ kl Plug the above identities into equation (4.4), we obtain
Since each λ i is positive, θ is concave. We remark that it is not hard to check that the second derivative of θ along any geodesic of the Grassmannian metric is zero. This implies ( d dt − ∆)θ = 0 along any mean curvature flow. With the C 2,α bound, the convergence now follows from standard Schauder estimate and Simon's theorem [10] . Equation (4.3) then implies the limit is a flat Lagrangian submanifold.
